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Abstract
The linearized Einstein equations in D spacetime dimensions can be writ-
ten as twisted self-duality equations expressing that the linearized curvature
tensor of the graviton described by a rank-two symmetric tensor, is dual to
the linearized curvature tensor of the “dual graviton” described by a tensor
of (D − 3, 1) Young symmetry type. In the case of 4 dimensions, both the
graviton and its dual are rank-two symmetric tensors (Young symmetry type
(1, 1)), while in the case of 11 space-time dimensions relevant to M-theory,
the dual graviton is described by a tensor of (8, 1) Young symmetry type.
We provide in this paper an action principle that yields the twisted self-
duality conditions as equations of motion, keeping the graviton and its dual
on equal footing.
In order to construct a local, quadratic, variational principle for the
twisted linear self-duality equations, it is necessary to introduce two “prepo-
tentials”. These are also tensors of mixed Young symmetry types and are
obtained by solving the Hamiltonian constraints of the Hamiltonian formula-
tion either of the Pauli-Fierz action for the graviton or of the Curtright action
for its dual, the resulting actions being identical. The prepotentials enjoy in-
teresting gauge invariance symmetries, which are exhibited and generalize
the gauge symmetries found in D = 4.
A variational principle where the basic variables are the original Pauli-
Fierz field and its dual can also be given but contrary to the prepotential
action, the corresponding action is non-local in space – while remaining local
in time.
We also analyze in detail the Hamiltonian structure of the theory and
show that the graviton and its dual are canonically conjugate in a sense
made precise in the text.
1 Introduction
Electric-magnetic duality has emerged as a very interesting symmetry of
a series of theories of increasing complexity [1–12]. In all cases two key
properties keep reappearing: (i) The symmetry is an invariance of the action,
and not just of the equations of motion [13]) and (ii) The symmetry can be
made manifest, while keeping the formulation simple, only at the price of
giving up manifest spacetime covariance [14]. The latter property exhibits
a fascinating “complementarity” between duality and spacetime covariance,
which is further put in evidence by the fact that duality can be shown to imply
Lorentz invariance, at least in the simple case of an abelian gauge field [15].
At a more technical level two general features that also appear are: (iii) The
need to reformulate the theory in terms of new variables (“prepotentials”),
and (iv) A corresponding doubling of the gauge symmetry group.
In the case of gravitational theories, it is generally expected that gravita-
tional duality holds the key for exhibiting the conjectured infinite-dimensional
Kac-Moody algebras (or generalizations thereof) of “hidden symmetries” of
supergravities and M-theory [16–18]. While there is overwhelming evidence
for the presence of these symmetries, the current results obtained so far re-
main incomplete because of the still somewhat mysterious role played by the
“dual graviton”. The clue for unlocking the present difficulties might pre-
cisely lie in a better grasp of the relationship between the graviton and its
dual.
In [8], two of the present authors presented a formulation of linearized
gravity in four space-time dimensions that was manifestly invariant under
“duality rotations” in the space spanned by the graviton and its dual. This
work was further pursued in [19], where it was shown in particular how
the equations of motion following from the duality invariant action could
be interpreted as twisted self-duality conditions on the curvature tensors of
the graviton and its dual. Duality invariance for linearized gravity was also
considered from a different perspective in [9].
The purpose of this paper is to extend the analysis of [8,19] to linearized
gravity in higher dimensions. In that case the graviton and its dual are
tensors of different types and so one cannot rotate them into one another.
However, one can still write the equations of motion as twisted self-duality
conditions on the curvature tensors: twisted self-duality remains although
duality invariance is not present. Furthermore, as we shall show, one can
also derive the twisted self-duality equations from a variational principle in
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which the graviton and its dual are on equal footing. In fact, one may view
the dual graviton as the canonically conjugate variable of the graviton, just
as in the case of p-forms [7, 20] or higher spins [9]. Particular important
examples are D = 11 (maximal supergravity/M-theory) and D = 5 (first
instance where the graviton and its dual are tensors of different types).
The crux to the twisted self-dual variational formulation relies on the
Hamiltonian formulation and solving the constraints [1, 6–8]. This step in-
troduces the prepotentials. One may start either from the Hamiltonian for-
mulation of the action for the graviton, which is the Pauli-Fierz action, where
the dynamical variables are the spatial components of the metric and their
conjugate momenta, or from the action for the dual graviton, where the dy-
namical variables are now the spatial components of the Curtright field and
their conjugate momenta. When expressed in terms of the prepotentials, the
Pauli-Fierz and dual actions coincide. One finds a remarkably symmetric
situation, where the prepotential for the Pauli-Fierz field is at the same time
the prepotential for the conjugate momentum to the Curtright field. And
similarly, the prepotential for the momentum conjugate of the Pauli-Fierz
field is at the same time the prepotential for the Curtright field. In that
sense, the Pauli-Fierz field and the Curtright field form a canonically conju-
gate pair since the Curtright field and the standard conjugate momentum to
the Pauli-Fierz field just differ by linear redefinitions.
Instead of expressing the action in terms of the prepotentials, one may
keep the metric and trade its standard conjugate momentum for the Curtright
field. This gives a first order action that involves symmetrically the graviton
and its dual. There remains constraints, however, and the action is non-local
in space.
For definiteness, we develop the formalism in detail for the case D = 5,
where the dual graviton is a (2, 1) tensor. As we indicate in the conclusions,
the same construction applies to higher dimensions, but the formulas get
more involved without new conceptual point.
Our paper is organized as follows. In the next section (section 2), we recall
the dual formulation of linearized gravity inD = d+1 space-time dimensions,
which involves a tensor of (D − 3, 1) Young symmetry type. We give the
action, the gauge symmetries and the invariants. In section 3, we rewrite the
linearized Einstein equations in arbitrary dimensions as twisted self-duality
conditions and show in section 4 how to decompose them in space and time,
in terms of electric and magnetic components of the curvature tensors of
the Pauli-Fierz field and its dual, which we explicitly define. In section
2
5, we consider D = 5 and introduce explicitly the prepotentials starting
from the Pauli-Fierz action rewritten in Hamiltonian form. The solution
of the momentum constraint introduces the prepotential for the conjugate
momentum to the Pauli-Fierz field, which is a tensor of mixed (2, 2)-Young
symmetry type, while the solution of the Hamiltonian constraint introduces
the prepotential for the Pauli-Fierz field, which is a tensor of mixed (2, 1)-
Young symmetry type (in addition to gauge prepotentials that drop out from
the analysis). These prepotentials are then shown in section 6 to emerge also
from the Hamiltonian formulation of the Curtright action but their roles are
now reversed. The Pauli-Pierz action and the Curtright action are shown
to coincide when written in terms of the prepotentials. The Poisson bracket
structure is explored in section 7 and the brackets between the curvatures
are explicitly computed. Section 8 verifies that the variational equations
are the twisted self-dual conditions on the curvatures. It also provides a
formulation of the theory in which the variables are the spatial components of
the Pauli-Fierz field and of its dual Curtright field. This formulation without
prepotentials is non-local in space (but local in time). Finally section 9 is
devoted to comments and conclusions.
Four appendices support the analysis. Appendix A defines the analog
of the Weyl tensor and the Cotton tensor for the Curtright field. These
tensors are invariant under the analogs of the linearized Weyl rescalings of
the Curtright field. It is shown that in 4 dimensions, the Weyl tensor of
the Curtright field vanishes but that the Cotton tensor is not zero. We also
consider the case of a spatial tensor of (2, 2) Young symmetry type as this is
relevant for understanding some properties of the prepotentials. Appendix
B is devoted to the decomposition in space and time of the Riemann, Ricci
and Weyl tensors. The analog of the extrinsic curvature is defined for the
Curtright field. Further properties of the electric and magnetic fields associ-
ated with the graviton and its dual are also analyzed. Appendix C provides
the explicit solution to the Hamiltonian constraints of the Curthright the-
ory, which is somewhat technical. Finally, Appendix D gives the inversion
formulas for the prepotentials in terms of the original canonical variables.
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2 Dual Formulation of Gravity
2.1 Sandard description of a spin-2 massless field: the
Pauli-Fierz theory
The standard description of a free massless spin-two particle involves a sym-
metric tensor hµν = hνµ (Young symmetry type (1, 1) ≡ ) subject to
the linearized Einstein equations
Rλρ = 0. (2.1)
Here, Rλρ is the linearized Ricci tensor,
Rλρ = Rλµρση
µσ (2.2)
where Rλµρσ is the linearized Riemann (“curvature”) tensor,
Rλµρσ = −
1
2
(∂λ∂ρhµσ − ∂µ∂ρhλσ − ∂λ∂σhµρ + ∂µ∂σhλρ) . (2.3)
The Riemann tensor is of Young symmetry type
(2, 2) ≡
i.e., fulfills the identities
Rλµρσ = R[λµ]ρσ, Rλµρσ = Rλµ[ρσ], R[λµρ]σ = 0. (2.4)
Here and in the sequel of this paper, brackets denote antisymmetrization of
weight one, i.e., F[λµ] =
1
2
(Fλµ − Fµλ), so that, for instance, the condition
Rλµρσ = R[λµ]ρσ is equivalent to Rλµρσ = −Rµλρσ .
In addition to (2.4), the Riemann tensor also fulfills the Bianchi identity
∂[α1Rα2α2]β1β2 = 0 (2.5)
from which follows Rα2α2[β1β2,β3] = 0. Conversely, given a tensor Rλµρσ ful-
filling the conditions (2.4) and (2.5), there is a tensor hλµ from which Rλµρσ
derives as in (2.2). The tensor hλµ is determined up to a gauge transforma-
tion,
hλµ −→ h
′
λµ = hλµ + ∂λξµ + ∂µξλ (2.6)
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where ξµ is arbitrary.
The Riemann tensor and its derivatives give a complete set of gauge in-
variant objects, in the sense that any gauge invariant function is a function
of the graviton field hλµ and its derivatives only through the Riemann ten-
sor and its derivatives. In particular, there is no gauge invariant function
that depends only on hλµ and its first derivatives. One must go to second
derivatives to make gauge invariant objects, in contrast with the photon field
and, more generally, p-form gauge fields. In addition, a necessary and suf-
ficient for the graviton field to be pure gauge is that the Riemann tensor
vanishes [21–23].
The action from which the equations of motion derive is the Pauli-Fierz
action, i.e., the linearized Einstein-Hilbert action. It reads explicitly
S =
∫
dDxL (2.7)
where
L = −
1
4
[∂ρhµν∂ρhµν − 2∂µh
µν∂ρh
ρ
ν + 2∂
µh∂νhµν − ∂
µh∂µh] . (2.8)
The Lagrangian is quadratic in the first derivatives of hλµ and invariant under
gauge transformations only up to a total derivative.
2.2 The “dual” graviton
There exists a dual formulation of linearized gravity in terms of a tensor field
with Young symmetry type
D − 3 boxes


(2.9)
In order to explain this point, we recall some background material.
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2.2.1 The Curtright field
In [24], the theory of generalized gauge fields described by higher rank tensors
which are neither completely symmetric nor completely antisymmetric was
initiated. In particular, the simplest case of a tensor Tα1α2β with mixed
symmetry (2, 1) corresponding to the Young tableau
(2.10)
i.e.,
Tα1α2β = −Tα2α1β, T[α1α2β] = 0 (2.11)
was investigated in depth. The (free) action was shown to be
S[Tα1α2β] = −
1
6
∫
dDx
[
Fα1α2α3βF
α1α2α3β − 3F βα1α2β F
α1α2β
β
]
(2.12)
where Fα1α2α3β = F[α1α2α3]β is
Fα1α2α3β = 3∂[α1Tα2α3]β. (2.13)
The action (2.12) is invariant under the following gauge transformations
of the “Curtright field” Tα1α2β,
δTα1α2β = 2∂[α1σα2]β + 2∂[α1αα2]β − 2∂βαα1α2 (2.14)
where σαβ and ααβ are symmetric and antisymmetric tensor fields, respec-
tively,
σαβ = σβα, ααβ = −αβα. (2.15)
The field Fα1α2α3β is not gauge invariant but transforms as
δFα1α2α3β = −6∂β∂[α1αα2α3] (2.16)
As a result, the Curtright Lagrangian is invariant only up to a total
derivative. This situation is familiar in the context of the Chern-Simons
action for a p-form.
In order to construct gauge invariant objects, one needs to take one more
derivative, just as for the Pauli-Fierz field, whose linearized curvature con-
tains two derivatives of the graviton field hµν . The “curvature tensor” for
the Curtright field is given by
Eα1α2α3β1β2 = 2Fα1α2α3[β1,β2] (2.17)
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and is easily checked to be gauge invariant and to have the Young tableau
symmetry
(3, 2) ≡ . (2.18)
The curvature Eα1α2α3β1β2 enjoys the important property that it vanishes if
and only if the Curtright field is pure gauge [21]. Furthermore, it provides a
complete set of gauge invariant objects, in the sense that any gauge invariant
function of the Curtright field and its derivatives is a function of the curvature
Eα1α2α3β1β2. In analogy with the corresponding concepts of the standard
description of a spin-2 field, we call the tensor Eα1α2α3β1β2 the “Riemann
tensor” and associate with it the “Ricci tensor” Eα1α2β defined by
Eα1α2β = E
γ
α1α2γβ1
(2.19)
as well as the “vector curvature” Eα,
Eα = E
γ
αγ . (2.20)
One then introduces the “Einstein tensor” Gα1α2β through
Gα1α2β = Eα1α2β +
1
2
(ηα1βEα2 − ηα2βEα1). (2.21)
Both Eα1α2β and Gα1α2β are of (2, 1) Young symmetry type. The Einstein
tensor fulfills furthermore the “contracted Bianchi identities”
∂α2Gα1α2β = 0 (2.22)
∂βGα1α2β = 0 (2.23)
as a result of the Bianchi identities ∂[α0Eα1α2α3]β1β2 = 0 and Eα1α2α3[ρ1ρ2,ρ3] = 0
for the Riemann tensor. One has also the doubly-contracted Bianchi identity
∂αEα = 0. (2.24)
The field equations that follow from the Curtright action are
Gα1α2β = 0 (2.25)
and equivalent to
Eα1α2β = 0. (2.26)
7
As shown in [24], the gauge invariances of the theory and the field equations
enable one to go to a gauge in which the non-vanishing components of Tα1α2β
are transverse and traceless, and obey furthermore the Laplace equation. The
relevant irreducible representation of the little group SO(D− 2) is described
by the same Young tensor (with the additional trace conditions) and yields
N0(D) =
1
3
D(D − 2)(D − 4) (2.27)
physical degrees of freedom (“helicity states”).
Observe that in D = 4 dimensions, where the little group is SO(2),
a (2, 1)-tensor described by the Curtright action carries no degree of free-
dom since N0(D) = 0. One way to understand this fact is that the SO(2)-
irreducible conditions Tijk = T[ij]k, T[ijk] = 0 and T
j
ij = 0 imply Tijk = 0.
Another way to see the same thing is to observe that in D = 4 dimensions,
the curvature tensor of the Curtright field is completely determined by the
Ricci tensor through
Eαβγρσ = −
[
(ηαρSβγσ − ηασSβγρ)
+(ηβρSγασ − ηβσSγαρ) + (ηγρSαβσ − ηγσSαβρ)
]
(2.28)
where the “Schouten tensor” Sαβρ is given by
Sαβρ = Eαβρ +
1
4
(ηαρEβ − ηβρEα).
It follows that Eα1α2α3β1β2 vanishes by the field equations and the field is pure
gauge.
One can introduce for the Curtright field the useful concepts of Weyl and
Cotton tensors. This is done in the appendix A. Note that we are using the
same letters G, S etc for the Einstein, Schouten etc tensors of the Pauli-Fierz
and Curtright fields. The number of indices being distinct tells the difference
and there is no risk of confusion. When we want to emphasize the difference,
however, we shall complete the notation by adding the argument “h” or “T”
between brackets, e.g., Gαβ [h], Gαβγ [T ] etc.
2.2.2 Generalisation
The above construction can readily be extended to tensor fields Tα1α2···αkβ
with mixed symmetry
Tα1α2···αkβ = T[α1α2···αk ]β, T[α1α2···αkβ] = 0 (2.29)
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corresponding to the Young tableau
k boxes


(2.30)
The action and the gauge invariance have been given in [25, 26], where it
was also shown that the physical degrees of freedom are massless and carried
by the transverse and traceless components Ti1i2···ikj of Tα1α2···αkβ (im, j =
1, · · · , D − 2), which transform in the SO(D − 2) representation described
by the same Young tableau.
2.2.3 Gravitational Duality
When k = D−3, the irreducible representations of the little group SO(D−2)
described by the Young tableaux
(2.31)
and
D − 3 boxes


(2.32)
are equivalent, as can be seen through the relation
hij =
1
2
ǫim1m2···mD−3T
m1m2···mD−3
j ,
using trace and antisymmetry conditions. Therefore, the Pauli-Fierz action
and the actions of [24] (D = 5) and [25, 26] (D ≥ 6) provide equivalent,
dual descriptions of linearized gravity. The field (2.32) is called the “dual
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graviton”. For D = 4, the dual graviton is a symmetric tensor like the
graviton itself since D − 3 = 1 and the dual description of gravity is given
by the Pauli-Fierz action.
The equivalence of the (on-shell) physical modes of the gauge-invariant
theory based on a tensor field with the mixed (D − 3, 1) symmetry with the
(on-shell) physical modes of linearized gravity was observed for D = 5 in [24]
and in higher dimensions in [27].
This equivalence can be established from a different perspective. In the
context of the conjectured hidden symmetry E11 of M-theory, a remarkable
property was discovered in [17], namely, that E11 implies the existence of
a tensor field of mixed (8, 1) symmetry type Tα1α2···α8β (D − 3 = 8). This
follows from the decomposition of the E11 adjoint representation in terms of
space-time tensors. Such a tensor also occurs in the E10 formulation [18].
It was furthermore indicated in [17] that the tensor Tα1α2···α8β should be the
dual to the graviton. This insight was obtained by starting from Einstein’s
theory in D dimensions in the first-order formulation in terms of the vielbein
and a mixed tensor field Yα1...αD−2β with the Young symmetry (D − 2, 1),
related to the standard spin connection through algebraic redefinitions. This
connection-like tensor was then shown to be equal, at the linearized level,
to the exterior derivative of a field Tα1...αD−3,β with the required symmetry
type (D − 3, 1). This followed from the vielbein field equations which ap-
peared, at the linearized level, as a Lagrange multipliers for the constraint
∂[α0Yα1...αD−2]β = 0 [17]. That the resulting “potential” Tα1...αD−3,β that solved
the constraint was in fact described by the action of [24–26], with the correct
gauge symmetries, was then established in [28], extending the on-shell equiv-
alence derived in the light cone to full off-shell equivalence, i.e., equivalence
at the level of the action.
Finally, we point out that explicit on-shell expressions for the dual gravi-
ton field in terms of the original graviton field have been given in [29] for
four dimensions and can be generalized to higher dimensions.
3 Linearized Einstein equations as twisted self-
duality equations for the curvatures
We shall from now on assume D = 5. This is done only for the sake of keeping
formulas simple and implies no conceptual restriction. The extension to the
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general case is outlined in the conclusions. As we have just seen, the graviton
and its dual are then described by tensor fields with the respective Young
symmetries and . One can interpret the gravitational duality
equations in terms of the curvatures as follows [30].
The Einstein equations Rµν = 0 for the Riemann tensor Rµναβ [h] imply
that the dual Riemann tensor Eβ1β2β3ρ1ρ2 , defined by
Eβ1β2β3ρ1ρ2 =
1
2!
ǫβ1β2β3α1α2R
α1α2
ρ1ρ2
Rα1α2ρ1ρ2 = −
1
3!
ǫα1α2β1β2β3E
β1β2β3
ρ1ρ2
is of Young symmetry type
.
Our conventions are ǫ01234 = 1 = −ǫ
01234, so that in particular ǫ0ijkℓ =
ǫijkℓ. Furthermore, (i) the tensor Eβ1β2β3ρ1ρ2 obeys the differential identities
∂[β0Eβ1β2β3]ρ1ρ2 = 0, Eβ1β2β3[ρ1ρ2,ρ3] = 0 that guarantee the existence of a
tensor Tαβµ such that
Eβ1β2β3ρ1ρ2 = Eβ1β2β3ρ1ρ2 [T ]
as in subsection 2.2.1.; and (ii) the field equations (2.26) for the dual tensor
Tαβµ are satisfied.
Conversely, one may reformulate the gravitational field equations as twisted
self-duality equations as follows. Let hµν and Tαβµ be tensor fields of re-
spective Young symmetry types and , and let Rα1α2ρ1ρ2 [h] and
Eβ1β2β3ρ1ρ2 [T ] be the corresponding gauge-invariant curvatures. The “twisted
self-duality conditions”, which express that E is the dual of R (we drop in-
dices)
R = − ∗E, E = ∗R,
or, in matrix notations,
R = S ∗R, (3.1)
with
R =
(
R
E
)
, S =
(
0 −1
1 0
)
, (3.2)
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imply that hµν and Tαβµ are both solutions of the linearized Einstein equa-
tions and the Curtright equations,
Rµν = 0, Eµνα = 0.
This is because, as we have seen, the cyclic identity for E (respectively, for
R) implies that the Ricci tensor of hαβ (respectively, of Tαβγ) vanishes.
The equations (3.2) are called twisted self-duality conditions for linearized
gravity because if one views the curvature R as a single object, then the
conditions (3.2) express that this object is self-dual up to a twist, given by
the matrix S. The twisted self-duality equations put the graviton and its
dual on an identical footing.
The twisted self-duality equations relate gauge-invariant objects. They
share a great similarity with the twisted self-duality formulation of p-form
field equations [20]. However, there is one important difference. Because the
gauge-invariant curvatures for the spin-2 field contains second order deriva-
tives, the twisted self-duality conditions are second order partial differential
equations for hµν and Tµνα, while these conditions are first-order differential
equations for the potentials in the case of p-forms.
In the next section, we examine more closely the twisted self-duality con-
ditions for gravity and show that there is a subset of them which contains
only first-order time derivatives and which is complete, in the sense that the
entire set of twisted self-duality conditions follows from it. Although of first-
order in the time derivatives, these equations contain second order spatial
derivatives.
4 4+1-Form of the Twisted Self-Duality Con-
ditions
4.1 Constraint equations - Dynamical equations
Just as the Einstein equations split into constraint equations,
G00 ≡ R00 +
1
2
(5)R = 0, G0i ≡ R0i = 0
and dynamical equations,
(5)Gij ≡
(5)Rij −
1
2
δij
(5)R = 0 ,
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so do the equations of motion for the Curtright field. Here and in what
follows, we affect the spacetime objects with an index (5) when a possible
confusion can arise. So, for instance, (5)Rij denotes the (i, j) component of
the Ricci tensor of the spacetime metric while Rij (sometimes also written
(4)Rij to emphasize the difference) denotes the (i, j) component of the Ricci
tensor of the spatial metric. As Eq. (4.3) below indicates, (5)Rij 6=
(4)Rij .
More precisely, the 0i0 and 0ij components of the variational equations
of motion do not contain second order time derivatives of the field and are
therefore constraints,
G0i0 = 0, G0ij = 0 (⇒ Gij0 = G0ji −G0ij = 0)
while the ijk components are the dynamical equations,
(5)Gijk = 0.
We leave the verification of this direct property to the reader. Useful ex-
pressions for the space and time decomposition of the Einstein/Ricci tensors
worked out in Appendix B are
G00 =
1
2
(4)R (4.1)
R0i = −∂
m(Kim − δimK) (4.2)
(5)Rij = −∂0Kij +
1
2
∂i∂jh00 +
(4)Rij (4.3)
G0i0 = −
1
2
(4)E kik (4.4)
E0ij = ∂
kVikj − ∂jV
k
ik (4.5)
(5)Eijk = −∂0Vijk − ∂k(∂iT0j0 − ∂jT0i0) +
(4)Eijk (4.6)
where Kij is the extrinsic curvature and Vijk the invariant velocity for the
Curtright field introduced in Appendix B. Explicitly,
Kij = −
1
2
(g˙ij − g0i,j −g0j ,i )
and
Vijk = T˙ijk + ∂iTj0k − ∂jTi0k − ∂kTij0.
These variables are “invariant velocities” in the sense of Dirac [31]. Namely,
their gauge transformations on any spacelike hypersurface depend only on
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the gauge parameters on that hypersurface, and not on their derivatives off
that hypersurface.
It will be convenient in the sequel to use the following equivalent set of
equations of motion:
• For the Einstein equations: G00 = 0, R0i = 0 (constraints),
(5)Rij = 0
(dynamical equations)
• For the Curtright equations: G0i0 = 0, E0ij = 0 (constraints),
(5)Eijk =
0 (dynamical equations)
4.2 Electric and Magnetic Fields
It is useful to introduce the “electric” and “magnetic” fields built out of the
Riemann tensor. These are defined as follows:
• For the standard graviton:
Eijrs[h] =
1
4
ǫijmnR
mnpqǫpqrs (4.7)
= Rijrs − δirRjs + δisRjr + δjrRis − δjsRir
+
1
2
(δirδjs − δisδjr)R (4.8)
and
Brsi[h] =
1
2
ǫrsmnR
mn
0i (4.9)
(note that (5)Rijrs[h] = Rijrs[h]).
• For the dual graviton
Eijr[T ] = Gijr, Bijrs[T ] =
1
2
ǫrsmnE
mn
0ij (4.10)
where Gijr is the spatial Einstein tensor constructed out of the spatial
tensor Tijm, Gijr ≡
(4)Gijr (note that
(5)Eijkrs[h] = Eijkrs[h] and that in
four dimensions, Eijkrs[h] is compeletely determined by Eijr[h]).
The electric fields depend on the second spatial derivatives of the spatial
components hij and Tijr of the Pauli-Fierz or Curthright fields, respectively,
and involve no time derivative. The magnetic fields involve only the spatial
gradients of the invariant velocities Kij, Vijr, respectively. They do not in-
volve neither h00 nor T0i0. Further properties of the electric and magnetic
fileds are discussed in Appendix B. These can be summarized as:
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• The electric fields transform identically in the - and -representations,
i.e., their irreducible components not in these representations identi-
cally vanish by definition.
• The conditions B[rsi][h] = 0 (respectively B[ijr]s[T ] = 0), which express
that the magnetic field transform in the -representation (respec-
tively, the -representation), are equivalent to the constraint equa-
tions R0i = 0 (respectively, E0ij = 0)
• The electric and magnetic fields are identically transverse as a conse-
quence of the Bianchi identities,
∂mEmnrs[h] = 0, ∂
mEmn[h] = 0,
∂mEmnr[T ] = 0,
∂rBmnrs[T ] = 0, ∂
nBmn[T ] = 0,
∂mBmnr[h] = 0.
• The electric field Eijrs[h] (respectively Eijr[T ]) has a vanishing double-
trace (respectively, vanishing traces) as a result of the constraint equa-
tions G00[h] = 0 (respectively G0i0[T ] = 0) while the magnetic fields
fulfill these conditions identically,
Emnrs[h]δ
nsδmr = 0,
Emnr[T ]δ
nr = 0,
Bmnrs[T ]δ
nsδmr = 0,
Bmnr[h]δ
nr = 0.
Conversely, the above first two equations imply the constraints G00[h] =
0 and G0i0[T ] = 0.
It follows from the twisted self-duality conditions that,
Bijr[h] = −Eijr[T ],
Bijrs[T ] = Eijrs[h],
or in matrix notation, (
Bijr[h]
Bijrs[T ]
)
= S
(
Eijrs[h]
Eijr[T ]
)
. (4.11)
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4.3 More on the Twisted Self-duality Conditions
The twisted self-duality conditions (4.11) are the purely spatial components
Rijrs =
1
2
ǫij0mnE
0mn
rs, Eijkrs = −ǫijk0mR
0m
rs,
of the covariant twisted self-duality conditions (3.1), and so, form only the
subset of these equations that do not involve the components R0i0r and E0ij0r
with two time indices of the curvatures. We claim that the twisted self-
duality conditions (4.11) are nevertheless completely equivalent to (3.1) and
in particular imply all of the Einstein equations.
To establish the claim, we proceed in two steps.
4.4 Step 1: Constraint Equations
The constraint equations follow from (4.11).
Proof: It follows from the twisted self-duality relations (4.11) that the mag-
netic fields Bijr[h] and Bijrs[T ] fulfill B[ijr][h] = 0 and B[ijr]s[T ] = 0 since
the corresponding electric fields do identically. This implies R0i[h] = 0,
E0ij [T ] = 0.
In a similar way, it follows from the twisted self-duality relations (4.11)
that the electric field Eijrs[h] is double-traceless and that Eijr[T ] is traceless,
since the corresponding magnetic fields enjoy these properties identicallly.
This implies that the spatial curvatures R[h] and Ei[T ] both vanish. For the
linearized theory these are the constraints G00[h] = 0 = G0i0[T ] for hµν and
Tµνρ.
Once the constraints are established, one can verify that the Bianchi
identities imply the relations
∂0Eijkl[h] =
1
2
ǫijmn(∂
mB nkl [h]− ∂
nB mkl [h]) (4.12)
and
∂0Ersi[T ] =
1
2
∂kB mnrs [T ]ǫikmn, (4.13)
which will be usedul later. It is in the last relation that we have used the
constraint equations.
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4.5 Step 2: Dynamical Equations
The next step is to establish the dynamical Einstein equations. This is a bit
harder because these involve two time derivatives of the metric, so that one
needs to differentiate the self-duality conditions with respect to time. But
this will lead to third order differential equations and so, one can only hope
to get the dynamical Einstein equations differentiated once, but without loss
of information. This turns out to be the case. This is in sharp contrast with
the electromagnetic situation, where the twisted self-duality conditions are
first-order differential equations, while the Maxwell equations are of second
order, so that by differentiating once the twisted self-duality condition, one
can derive the Maxwell equations in their standard form.
These general considerations being stated, we now turn to the proof that
the dynamical Einstein equations also follow from (4.11).
Proof: We compute ∂0Ri0mj [h] in two different ways. On the one hand,
it is equal to
∂0Ri0mj [h] = −∂mRi0j0[h] + ∂jRi0m0[h], (4.14)
by the Bianchi identity. On the other hand, Ri0mj [h] = −
1
2
ǫ rsmj Brsi[h] and
so,
∂0Ri0mj [h] = −
1
2
ǫ rsmj ∂0Brsi[h],
=
1
2
ǫ rsmj ∂0Ersi[T ] (4.15)
by (4.11). Using successively (4.13), the twisted self-duality condition again,
the transverseness of the electric field and the constraint equation R = 0,
this becomes
∂0Ri0mj [h] = −
1
4
ǫ rsmj ǫ
pq
ik ∂
kErspq[h],
= ∂mEij[h]− ∂jEim[h]. (4.16)
Comparing (4.14) with (4.16) gives,
∂m (Ri0j0[h] + Eij[h])− ∂j (Ri0m0[h] + Eim[h]) = 0.
Taking into account the definition of Eij[h], this is just
− ∂m
(5)Rij [h] + ∂j
(5)Rim[h] = 0. (4.17)
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This equation is a bit misleading at first sight, since (5)Rij[h] contains h00
while neither the electric field nor the magnetic field does, and we started
with relations that involved only the electric and the magnetic fields. But
if one explicitly plugs the expression (4.3) in (4.17), one sees that h00 does
drop out from (4.17), as it should.
To analyze the implications of the equation (4.17), it is easier to write it
in terms only of hij and h0i as
∂m(∂0Kij − Rij)− ∂j∂0(Kim −Rim) = 0. (4.18)
This equation implies, using the fact that ∂0Kij and Rij are symmetric in
(i, j)
∂0Kij − Rij = ∂i∂jΦ
for some function Φ. Choosing the function h00 (which is an arbitrary gauge
function not occurring in the original equations (4.11)) to be equal to 2Φ
yields
(5)Rij [h] = 0.
These are the dynamical Einstein equations for hµν .
Similarly, expressing the time derivatives of Eij0kl in two different ways
yields the dynamical equations for the Curtright field. The explicit steps are:
one the one hand, the Bianchi identities imply
∂0Eij0kl[T ] = ∂lEij0k0[T ]− ∂kEij0l0[T ]. (4.19)
On the other hand,
∂0Eij0kl[T ] =
1
2
∂0Bijrs[T ]ǫ
rs
kl
= −
1
2
∂0Eijrs[h]ǫ
rs
kl
= −
1
2
ǫijmnǫ
rs
kl ∂
mB nrs [h]
= −
1
2
ǫijmnǫ
rs
kl ∂
mE nrs [T ]
= −∂kEijl[T ] + ∂lEijk[T ] (4.20)
where we have successively used the definition of the magnetic field Bijrs[T ],
the twisted self-duality condition, the equation (4.12), the twisted self-duality
condition again, and the fact that the electric field is transverse and traceless.
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Comparing (4.19) with (4.20) yields
∂l(Eij0k0[T ]− Eijk[T ])− ∂k(Eij0l0[T ]− Eijl[T ]) = 0,
i.e.,
∂
(5)
l Eijk[T ]− ∂
(5)
k Eijl[T ] = 0. (4.21)
These equations are discussed in the same way as the equations (4.17) for
the Pauli-Fierz theory. One easily verifies that the components T0i0 of the
Curthright field, which occur in (5)Eijk[T ], drop out from the curl (4.21), and
that the equations(4.21) imply through integration the dynamical Curtright
equations
(5)Eijk[T ] = 0
by an appropriate adjustment of these gauge functions T0i0. (From (4.21) one
gets first(5)Eijk[T ] = ∂kµij for some µij = −µji. The condition
(5)E[ijk][T ] = 0
implies then ∂[kµij] = 0, i.e., µij = ∂iλj − ∂jλi for some λi with can be
absorbed in a redefinition of T0i0, see (4.6).)
We thus conclude that the spatial twisted self-duality conditions (4.11)
imply all of Einstein and Curtright equations.
4.6 Search for a variational principle
The twisted self-duality conditions put the graviton (Pauli-Fierz) field hµν
and the dual graviton (Curtright) field Tµνρ on an equal footing. The cen-
tral goal of this paper is to derive a variational principle that keeps this
democratic treatment of the graviton field and its dual.
Neither the Pauli-Fierz second-order action principle nor the Curtright
second order action principle treat the graviton and its dual on the same
footing since they involve only one field, either the graviton or its dual, but
not both simultaneously.
The “mother action” considered in [17,28], which enables one to go from
one picture to its dual, does not provide the answer to the question because it
involves the graviton field (in the frame formulation) and another field which
is equal on-shell to the curl of the dual field through a constraint. So the dual
field does not enter this action principle on the same footing as the graviton,
since one is a fundamental field to be varied in the action principle while the
other appears as a derived concept. [And if one eliminates the constraint, one
looses the original graviton field and gets the Curtright action.] The dual
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“father action” would have the roles of the graviton and its dual reversed
and so would suffer from the same drawback. The action proposed in the
interesting work [32] shares similar features.
It turns out that a variational principle does fulfills this condition of
putting the graviton field and its dual on exactly the same footing. It is given
below and is in fact just the Pauli-Fierz action in Hamiltonian form rewritten
in terms of the appropriate variables. It yields the spatial part of the twisted
self-duality conditions, which have been shown to form a complete set of
equations. A striking feature is that it does not preserve manifest space-time
covariance, a feature shared also by the duality-symmetric actions principles
for p-form gauge fields [4,7]. This is not necessarily a drawback as one might
argue that space-time is a derived concept and that space-time covariance
might follow from duality symmetry [15].
5 Prepotentials - Starting from the Pauli-Fierz
Action
As for p-form gauge fields [7] and linearized gravity in four dimensions [8],
the requested duality-symmetric action where both the Pauli-Fierz and the
Curtright fields appear on an equal footing is obtained by going to the Hamil-
tonian formalism and solving the constraints.
5.1 Hamiltonian formulation
The expression of the momenta πmn conjugate to hmn in terms of the extrinsic
curvature Kmn is
πmn = −Kmn +Kδmn
and its inverse reads
Kmn = −πmn +
π
D − 2
δmn,
yielding the action in Hamiltonian form
S =
∫
dtdDx
[
πmnh˙
mn −H− nC − nmC
m
]
(5.1)
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where H is the Hamiltonian:
H = πmnπ
mn −
π2
D − 2
+
1
4
∂rhmn∂
rhmn −
1
2
∂mh
mn∂rh
r
n +
+
1
2
∂mh∂nhmn −
1
4
∂mh∂
mh,
i.e, for D = 5,
H = πmnπ
mn −
π2
3
+
1
4
∂rhmn∂
rhmn −
1
2
∂mh
mn∂rh
r
n +
+
1
2
∂mh∂nhmn −
1
4
∂mh∂
mh. (5.2)
The components h0m ≡ nm and h00 ≡ 2n only appear linearly and multiplied
by terms with no time derivatives, and are thus Lagrange multipliers for the
constraints
Cm ≡ −2∂nπ
mn = 0 C ≡ −∆h + ∂m∂nh
mn = 0. (5.3)
The constraints generate the gauge symmetries (linearized diffeomor-
phisms) through the Poisson brackets. These are, in terms of the canonical
variables,
πmn → πmn − ∂m∂nξ0 + δmnξ0 (5.4)
hmn → hmn + ∂mξn + ∂nξm (5.5)
5.2 Solving the momentum constraint Cm = 0
By introducing the double dual Πijkpqr = ǫijkmǫpqrnπ
mn of the momentum
πmn, which is a tensor of (3, 3) Young symmetry type, the constraint Cm = 0
is seen to be equivalent to
∂[lΠijk]pqr = 0,
or, in the language of [22]
dΠ = 0.
Here d is a differential operator for 2-columns tensors that has the property
d3 = 0. The Poincare´ lemma for d demonstrated in [22] implies then
Π = d2P
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for some P of
(2, 2) ≡
Young symmetry type. The tensor P itself is determined from Π up to the
d of a (2, 1)-tensor [22],
δ1P = dχ
where χ is of (2, 1) Young symmetry type. We call P the prepotential for
the conjugate momentum.
In components, these formulas read (absorbing numerical factors in re-
definitions)
πmn = ǫmkqsǫnrtu∂k∂rPqstu (5.6)
and
δ1Pqstu = χtu[q,s] + χqs[t,u]
with χstu = −χtsu, χ[stu] = 0.
Furthermore, the transformation on the prepotential that induces the
gauge transformation (5.4) on the momentum is easily verified to be the
“Weyl-type” transformation :
δcP
qstu =
1
4
[δqtδsu − δquδst] ξ. (5.7)
The total gauge transformation on P is then:
δPqstu = δ1Pqstu + δcPqstu (5.8)
A straightforward computation shows that the momentum πmn conjugate
to the metric is equal to −Gmn[P ],
πmn = −Gmn[P ], (5.9)
where Gmn[P ] is the Einstein tensor of Pijrs defined in appendix A.3. So,
the resolution of the momentum constraint amounts to equate πmn to the
Einstein tensor of a (2, 2)-prepotential, which identically fulfills ∂mG
mn = 0
by the contracted Bianchi identity.
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5.3 Solving the Hamiltonian constraint C = 0
Following [8], we decompose the spatial components of the Pauli-Fierz field
as follows:
hmn = jmn + ∂mun + ∂num (5.10)
with jmn traceless. Substituting this expression in the constraint, we get
∂m∂nj
mn = 0. Double-dualization of this equation yields d2Σ = 0 for the
double-dual
Σijkpqr = ǫijkmǫpqrnj
mn
of Young symmetry
(3, 3) ≡ .
Here, d is again the operator of [22] which fulfills d3 = 0. The results of [22]
imply then Σ = dM whereM is a tensor of Young type (3, 2). In components,
jmn = ǫnkst∂
kΦstm + ǫmkst∂
kΦstn (5.11)
where
Φ mst =
1
3!
ǫmijkMijkst
The tensor Φ mst is traceless, Φ
m
sm = 0, since M[ijks]t = 0. However, if non-
zero, the trace of Φ mst would in any case drop from (5.11), so we shall allow
it to be non-zero, accounting for this possibility by introducing the gauge
invariance
δCΦrsm = B[ rδ s]m
There is one more condition on Φrsm which follows from the tracelessess of
jmn. It is ∂[kΦijm] = 0, from which one infers that the totally antisymmetric
part Φ[ijm] of Φijm is of the form ∂[iλjm] and can thus be absorbed in a
redefinition of the vector um in (5.10). We can thus assume Φ[ijm] = 0, so
that the prepotential Φijm for hmn is of Young symmetry type (2, 1).
In order to obtain the associated gauge symmetries, we follow the same
procedure as in [8] for the four dimensional case. We arrive in this way at
δΦmrs = δCΦmrs + δ1Φmrs (5.12)
with
δ1Φmrs = ∂rSsm − ∂sSrm + ∂rAsm − ∂sArm + 2∂mAsr (5.13)
where Ssr is symmetric, while Asr is antisymmetric.
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5.4 Action in terms of prepotentials
5.4.1 Kinetic term
With the above expressions, one finds that the Hamiltonian kinetic term∫
dx0d4xπmnh˙mn is equal to
∫
dtd4xπmnh˙mn =
∫
dtd4x∂p∂rǫ
mpqsǫnrtuPqstu∂k[ǫ
kab
n Φ˙abm + ǫ
kab
m Φ˙abn] =
= 2
∫
dtd4x∂p∂rǫ
mpqsǫnrtuPqstu∂kǫ
kab
n Φ˙abm
Using the formulas in Appendix A.2, this term can also be rewritten as
∫
dx0d4xπmnh˙mn = −4
∫
dx0d4xDijm[P ]Φ˙
ijm (5.14)
where Dijm[P ] is the co-Cotton tensor of Pijrs. This form of the kinetic
term makes it obvious that it is invariant under the gauge symmetries of
the prepotential Pijrs (since the co-Cotton tensor is), as well as the gauge
symmetries of the prepotential Φijm. This is because the co-Cotton tensor is
traceless and divergence-free.
Equivalently, one can rewrite the kinetic term as
∫
dx0d4xπij h˙ij = −4
∫
dx0d4xDijmn[Φ]P˙
ijmn (5.15)
where Dijmn[φ] is the co-Cotton tensor of Φijm, which is also divergence-free
and, in this case, doubly-traceless.
5.4.2 Hamiltonian
Expressing the Pauli-Fierz field and its conjugate momentum in terms of the
prepotentials yield the Hamiltonian
H =
∫
d3x
(
Rij [P ]Rij[P ]−
7
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R2[P ] + 2Eijk[Φ]Eijk[Φ]−
3
2
Ei[Φ]Ei[Φ]
)
(5.16)
The Hamiltonian is clearly invariant under the “diffeomorphisms” of the
prepotentials since it involves only their curvatures. It is also invariant under
the “Weyl rescalings” up to a divergence, as one can easily verify.
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6 Prepotentials - Starting from the Curtright
action
One finds the same kinetic term and Hamiltonian if one starts from the
Curtright action, as we now show.
6.1 Hamiltonian formulation
The momenta conjugate to the spatial components of the Curtright field are
easily found to be
πijk =
∂L
∂T˙ijk
= V ijk − δjk V ill + δ
ikV jll (6.1)
in terms of the invariant velocities. We can solve for the velocities to get
V ijk = πijk −
1
2
δjk πil l +
1
2
δik πjl l,
yielding the action in canonical form,
S[Tijk, π
ijk, mi, mjk] =
∫
dt d4x
[
πijkT˙
ijk −H−mj Γ
j −mjkΓ
jk
]
(6.2)
with mj ≡ 2T0j0 and mjk ≡ T0jk. Here the Hamiltonian H reads
H =
1
2
πijkπ
ijk −
1
2
π kik π
il
l +
1
2
∂iTjkl∂
iT jkl + ∂iTjkl∂
jT kil − ∂iT
k
jk ∂
iT jll−
−∂iT
k
jk ∂
jT lil − 2∂iT
l
jl ∂
kT ijk −
1
2
∂lT
l
ij ∂
kT ijk
while Γjk and Γj are respectively given by
Γjk ≡ −2∂i(πijk + πkji) (6.3)
and
Γj ≡ ∆T jkk + ∂i∂
jT kik + ∂i∂
kT ijk (6.4)
The temporal Tj00 and Ti0j may thus be regarded as Lagrange multipliers
imposing the constraints:
Γjk = 0 (6.5)
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and
Γj = 0 (6.6)
The brackets between the Hamiltonian variables are
{Tijk(~x), π
mnp(~y)} =
1
3
(
δmi δ
n
j δ
p
k − δ
n
i δ
m
j δ
p
k +
1
2
(δmi δ
p
j δ
n
k − δ
p
i δ
m
j δ
n
k + δ
p
i δ
n
j δ
m
k − δ
n
i δ
p
j δ
m
k )
)
(6.7)
and such that
{Tijk(~x),
∫
d4xπmnp(~y)umnp(~y)} = uijk(~x)
P ,
where uijk(~x)
P is the standard projection of the tensor uijk(~x) on the subspace
with Young symmetry (2, 1). From (6.7) follows
{T kik (~x), π
mnp(~y)} =
1
2
(δmi δ
np − δni δ
mp) .
The dynamical Hamiltonian equations take the form
F˙ = {F,
∫
d4x
(
H +mj Γ
j +mjkΓ
jk
)
}.
The Hamiltonian constraints are in fact the canonical generators of the
gauge symmetries of the theory. From (B.8) one finds
δπijk = ∂i∂k(σ0j − 3α0j)− ∂j∂k(σ0i − 3α0i)−
−δjk[∂i∂l(σ
0l− 3α0l)−∆(σ0i− 3α0i)] + δik[∂j∂l(σ
0l− 3α0l)−∆(σ0j − 3α0j)],
a transformation that coincides with the transformation generated by
∫
d4xξjΓ
j,
{δπijk,
∫
d4y ξm Γ
m} =
1
2
(
∂j∂kξi − ∂i∂kξj
)
+
1
2
(
δjk(∂i∂mξ
m −△ξi)− δik(∂j∂mξ
m −△ξj)
)
(6.8)
if one identifies the gauge parameter ξi with 2(σ0i − 3α0i). Similarly, the
linear combination ξjkΓ
jk generates
δTijk = {Tijk,
∫
d4x ξmnΓ
mn}
= ∂iσjk − ∂jσik + ∂iαjk − ∂jαik − 2∂kαij (6.9)
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with σmn = ξ(mn), αmn = ξ[mn].
If we recalls that the free (2,1) theory is the dual theory for linearized
gravity, it seems reasonable to conjecture at this point that these constraints
may be solved in terms of two prepotentials featuring the mixed symmetry
(2,1) and (2,2), respectively. This indeed turns out to be the case as we now
show.
6.2 Solving the momentum constraints Γmn = 0
The momentum constraints are easily seen to be equivalent to
∂iπ
ijk = 0.
and imply
∂iπ
jki = 0.
Introducing the double-dual Arstmn of π
ijk, which is a tensor of (3, 2)-type
πijk =
1
2
1
3!
ǫijmnǫkrstArstmn ⇔ Arstmn = −
1
2
ǫrstkǫmnijπ
ijk,
one may rewrite these equations as
∂[pArst]mn = 0, Arst[mn,p] = 0.
This implies [21]
Arstmn = −6∂[rΨst][m,n]
for some “prepotential” Ψrsm which has the (2, 1) Young symmetry. The
factor (−6) has been inserted to avoid numerical factors in (6.14) below. In
terms of the conjugate momenta, one gets
πijk = ǫijmnǫkrst∂r∂mΨstn (6.10)
The prepotential Ψrsm is determined from π
ijk up to
δ1Ψmrs = ∂rssm − ∂ssrm + ∂rasm − ∂sarm + 2∂masr (6.11)
where ssr is symmetric, while asr is antisymmetric. Furthermore, the trans-
formation of the prepotential that accounts for the gauge transformations
(6.8) of the momenta are again the Weyl rescalings
δCΨrsm = ξ[rδ s]m (6.12)
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We thus see that the momentum constraint of the dual formulation can
be solved in terms of a prepotential Ψrsm with the same Young symmetry
(2, 1) as the prepotential Φrsm needed to solve the Hamiltonian constraint
of the original Pauli-Fierz formulation. In addition, both prepotentials have
the same gauge symmetries. This enables one to identify them,
Ψrsm = Φrsm. (6.13)
Note that one may identify πijk with the Einstein tensor of the prepoten-
tial (up to the numerical factor −2),
πijk = −2Gijk[Φ], (6.14)
in a manner similar to what we found for the Pauli-Fierz conjugate momen-
tum.
6.3 Solving the Hamiltonian constraints Γj = 0
To solve the Hamiltonian constraints Γj ≡ ∆T jkk + ∂i∂
jT kik + ∂i∂
kT ijk = 0
of the Curtright field, we proceed in a manner that parallels the procedure
followed in [8] for solving the Hamiltonian constraint of the Pauli-Fierz field.
The starting point is to notice that it is always possible to decompose the
field Tijk as
Tijk = tijk + θijk (6.15)
where tijk is traceless, t
k
ik = 0, and where θijk is a pure gauge term carrying
the trace,
θijk = ∂iujk − ∂juik + ∂ivjk − ∂jvik − 2∂kvij
with umn = u(mn), vmn = v[mn]. The fields uij and vij are prepotentials for the
Curtright fields analogous to the prepotential ui for the Pauli-Fierz field hij
and drop out from the subsequent formulas on account of gauge invariance.
The relevant piece of the Curtright field is tijk, which we shall now express in
terms of a prepotential Pijkl possessing the algebraic symmetries of a (2, 2)
Young tensor.
The Hamiltonian constraint Γj = 0 becomes the equation ∂i∂kt
ijk = 0 for
tijk. It is shown in appendix C that the general solution to this equation can
be assumed to take the form
tijk = −
2
3
∂l
[
2ǫklabP
[ij]
[ab] + ǫ
ilabP
[kj]
[ab] − ǫ
jlabP
[ki]
[ab]
]
(6.16)
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where the prepotential P[ab][cd] transforms in the irreducible representation
(2, 2),
Pabcd = P[ab][cd], P[abc]d = 0.
One can easily check that the following transformations for the prepoten-
tial Pabcd leave Tijk invariant up to a gauge transformation:
δPabcd = δ1Pabcd + δCPabcd (6.17)
with
δ1Pabcd = χcd[a,b] + χab[c,d], (6.18)
where χabc = −χbac transforms in the (2, 1)-representation, i.e., χ[abc] = 0,
and
δcPabcd =
1
4
[δacδbd − δadδbc]ξ. (6.19)
Conversely, given the tensor Tijk up to a gauge transformation, i.e., its curva-
ture Eijkmn – or what is the same in four dimensions, its Ricci tensor Eijk –,
one knows the Cotton tensor of the (2, 2)-prepotential Pijkl (see section A.3)
since the Ricci tensor of Tijk is easily verified to be equal to the co-Cotton
tensor of Pijkl (see formula (7.6) below). Hence Pijkl is determined up to the
transformations (6.17), which are therefore its “gauge symmetries”.
We thus see that the Curtright field Tijk can be expressed in terms of the
same prepotential, with same gauge symmetries, as the conjugate momentum
πij of the Pauli-Fierz field. This enables one to identify the prepotential for
Tijk with the prepotential for π
ij .
6.4 Action in terms of prepotentials
6.4.1 Kinetic term
The Hamiltonian kinetic term of the Curtright theory is (up to total deriva-
tives)
∫
dtd4xπijkT˙
ijk =
∫
dtd4πijk t˙
ijk = −2
∫
dtd4x∂l∂mǫijlnǫkmabΦ
abn∂pǫ
kpcdP˙ ijcd =
= 2
∫
dtd4x∂l∂pǫnlijǫmpcdP
ij
cd∂
kǫmkabΦ˙
abn.
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This expression has exactly the same form as the Hamiltonian kinetic term
emerging from the Pauli-Fierz Lagrangian. Hence, one can also write it as
in (5.14) and (5.15),∫
dtd4xπijkT˙
ijk = −4
∫
dx0d4xDijm[P ]Φ˙
ijm (6.20)
= −4
∫
dx0d4xDijmn[Φ]P˙
ijmn. (6.21)
6.4.2 Hamiltonian
The kinetic energy density 1
2
πijkπ
ijk− 1
2
π jij π
il
l of the Curtright field becomes,
when expressed in terms of the prepotential Φijk,
1
2
πijkπ
ijk[Φ]−
1
2
π jij π
il
l[Φ] =
= 2∆Φprs∆Φ
prs − 4∂u∂
iΦpil∂
u∂kΦ
pkl − 2∆Φnns∆Φ
ms
m − 2∂u∂iΦ
i
rs∂
u∂mΦ rsm +
+2∂u∂
kΦnnk∂
u∂iΦ
mi
m + 4∆Φ
ns
n ∂
i∂mΦmis + 2∂n∂iΦ
nil∂p∂kΦpkl
But this is precisely equal to the potential energy density 1
4
∂ihjk∂
ihjk[φ] −
1
2
∂ihjk∂
jhik[φ] of the Pauli-Fierz field (up to total derivative), and so one has
Kinetic Energy of Curtright field =
Potential Energy of Pauli-Fierz field (6.22)
=
∫
d3x
(
2Eijk[Φ]Eijk[Φ]−
3
2
Ei[Φ]Ei[Φ]
)
(6.23)
(using (5.16)).
Similarly, one finds,
1
2
∂itjkl∂
itjkl[P ] + ∂itjkl∂
jtkil[P ]−
1
2
∂ktijk∂lt
ijl[P ] =
πmnπ
mn[P ]−
π2
3
[P ]
(up to total derivatives) and so
Potential Energy of Curtright field =
Kinetic Energy of Pauli-Fierz field (6.24)
=
∫
d3x
(
Rij [P ]Rij[P ]−
7
27
R2[P ]
)
(6.25)
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(using (5.16)).
This completes the proof that both theories have identical actions when
they are written in terms of the prepotentials. Note that the interchange
of the kinetic and potential energies occurs already for p-forms gauge fields,
in particular in the Maxwel theory, where the electric field squared is the
kinetic energy in the electric representation, and the potential energy in the
magnetic representation (and vice-versa for the magnetic field).
7 Symplectic Structure
The prepotentials Φijk and Pijkl for the fields hij and Tijk are canonically
conjugate in the sense that while Φijk is the prepotential for the Pauli-Fierz
field hij, the prepotential Pijkl is the prepotential for its conjugate momentum
πij.
It is interesting to exhibit the canonical structure in terms of the dual
fields hij and Tijk rather than the prepotentials. It turns out to be actu-
ally more convenient to compute the brackets between the gauge invariant
quantities Rijkl[h](~x) and Emnpqr[T ](~y), as we now discuss.
Before doing this, we derive a number of useful relations between the
variables appearing in the formalism.
7.1 The “graviton set”
As we have just established, the graviton field hij can be equivalently de-
scribed in terms of the prepotential Φijk or the momentum conjugate to the
Curtright field,
hij ↔ Φijk ↔ π
ijk. (7.1)
The graviton field hij is subject to the Hamiltonian constraint H = 0, while
the momentum conjugate to the Curtright field is subject to the momentum
constraints Γij = 0. The prepotential Φijk is subject to no constraint.
We shall call the variables appearing in (7.1), the “variables of the gravi-
ton set”. We have derived explicit expressions for hij and π
ijk in terms of
the prepotential Φijk (formulas (5.10)-(5.11) and (6.14), respectively).
From these relations, one easily derives the useful identities
πijk −
1
2
δjkπ
l
il +
1
2
δikπ
l
jl = −2Sijk[Φ] (7.2)
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and
Ersij[h] = 2Drsij[Φ]. (7.3)
Here, Sijk[Φ] and Drsij[Φ] are respectively the Schouten and co-Cotton ten-
sors for the tensor Φijm of (2, 1) Young symmetry type introduced in appendix
A.
The relations (5.10)-(5.11) and (6.14) can be inverted to yield the prepo-
tential Φijk in terms of the fields hij or π
ijk (obeying their constraints). The
explicit inversion formulas are non local and involves gauge choices. They
are given in the appendix D. From these formulas, one can in principle ex-
press the Pauli-Fierz field hij in terms of the momentum π
ijk conjugate to
the Curtright field and vice-versa. This will not be done explicitly here as it
is not needed.
7.2 The conjugate “dual graviton set”
Similarly, the Curtright field Tijk of the dual description can be equivalently
described in terms of the conjugate prepotential Pijkl or the momentum π
ij
conjugate to the graviton field,
Tijk ↔ Pijkl ↔ π
ij . (7.4)
The dual graviton field Tijk is subject to the Hamiltonian constraints Γi = 0,
while the conjugate momentum πij is subject to the momentum constraints
Hi = 0. The prepotential Pijkl is subject to no constraint. We shall call the
variables appearingg in (7.4), the “variables of the dual graviton set”.
Useful identities that follow from the relations (6.16) and (5.6) are:
− πin +
π
3
δin = Sin[P ] (7.5)
and
Erbi[T ] = −2Drbi[P ] (7.6)
where Sin[P ] andDrbi[P ] are respectively the Schouten and co-Cotton tensors
of Pijmn introduced in appendix A.3.
The relations (6.16) and (5.6) can also be inverted to yield the prepoten-
tial Pijmn in terms of the fields Tink or π
ij (obeying their constraints). The
explicit inversion formulas are again non local and involves gauge choices.
They are also given in the appendix D. From these formulas, one can express
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the Curtright field Tijk in terms of the momentum π
ij conjugate to the Pauli-
Fierz field and vice-versa. One can then derive the expression of Eabcde[T ] in
terms of πij . One gets explicitly
3Eabcde[T ] = −2 (ǫabcm∂dπ
m
e − ǫabcm∂eπ
m
d)
−∂dǫcaemπ
m
b + ∂eǫcadmπ
m
b − ǫabem∂dπ
m
c
+ǫabdm∂eπ
m
c − ǫbcem∂dπ
m
a + ǫbcdm∂eπ
m
a (7.7)
The right-hand side is easily seen to be such that Eabcde obeys the identities
∂[mEabc]de = 0 and Eabc[de,m] = 0 because π
ij is transverse, ∂iπ
ij = 0.
7.3 Poisson bracket of the curvatures in D = 4
We can now turn to the commutation of the Poisson bracket structure. To
warm up, we first compute the Poisson Bracket {Gab[h], Gcd[f ]} of the Ein-
stein tensor of the dual metric s hij and fij of the duality-invariant formula-
tion of linearized gravity in four space-time dimensions, where the dual field
to hij is also a symmetric tensor fij . Explicitly,
Gab[h] =
1
2
[∂a∂
mhmb + ∂b∂
mhma −∆hab − ∂a∂bh]−
1
2
[∂m∂nhmn −∆h] δab
Gcd[f ] =
1
2
[∂c∂
mfmd + ∂d∂
mfmc −∆fcd − ∂c∂df ]−
1
2
[∂m∂nfmn −∆f ] δcd
We recall that in three dimensions, the Riemman tensor is completely cap-
tured by the Einstein tensor.
Our strategy is to start from the canonical bracket
{hij(~x), πmn(~y)} =
1
2
[δimδjn + δinδjm] δ
(3)(~x− ~y)
and express fij in terms of the canonical momentum π
ij conjugate to hij .
From
fij = ∂
rǫirsP
s
j + ∂
rǫjrsP
s
i + ∂ivj + ∂jvi (7.8)
one finds G[f(P )]:
Gcd[f(P )] =
1
2
[∂c∂
mǫdrs∂
rP sm + ∂d∂
mǫcrs∂
rP sm −∆ǫcrs∂
rP sd −∆ǫdrs∂
rP sc ]
(7.9)
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yielding, since
πij = ǫipqǫjrs∂p∂rPqs
= δij(∆P − ∂m∂nPmn)− ∂
i∂jP + ∂i∂rP
jr + ∂j∂rP
jr −∆P ij, (7.10)
the relation
Gcd[f(π)] =
1
2
[∂rǫdrsπ
s
c + ∂
rǫcrsπ
s
d] (7.11)
Now it is straightforward to compute the Poisson bracket {Gab[h](~x), Gcd[f ](~y)}.
One obtains
{Gab[h(x)], Gcd[f(y)]} =
∫
d3z
δGab[h]
δhpq(z)
δGcd[f ]
δπpq(z)
= (7.12)
=
1
8
[∂a∂c∂
rǫdrb + ∂a∂d∂
rǫcrb + ∂b∂c∂
rǫdra + ∂b∂d∂
rǫcra−
−∆∂rǫdrbδca −∆∂
rǫdraδcb −∆∂
rǫcrbδda −∆∂
rǫcraδbd] δ
(3)(~x− ~y)
where all derivatives are taken with respect to x. It should be noted that the
right-hand side of this relation is identically divergence-free (with respect to
a, b, c or d), as it should since the left-hand side is.
7.4 Poisson brackets of the curvatures in D = 5
The computation can be extended to cover the 5-dimensional case by follow-
ing the same lines. Equation (7.7) gives the curvature Eabcde[T ] in terms of the
momentum πij conjugate to the metric hij . From this expression, it is direct,
although somewhat tedious, to derive the bracket {Rijkl[h](~x), Emnprs[T ](~y)}.
One finds
{Rijmn[h](~x), Eabcde[T ](~y)} = −
2
3
[
2
(
ǫabc[n∂m]∂[jδi][e∂d] + ǫabc[j∂i]∂[nδm][e∂d]
)
+
(
∂[eǫd]ab[i∂j]δc[n∂m] + ∂[eǫd]ab[m∂n]δc[j∂i] +
∑
cyclic
) ]
δ3(~x− ~y) (7.13)
where antisymmetrization is always over a pair of adjacent indices and where
the sum is over the 3 cyclic permutations of (a, b, c). The right-hand side
of this expression is easily verified to fulfill all the requested algebraic and
differential identities.
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8 Twisted duality - Formulation without pre-
potentials
8.1 Equations of motion and twisted self-duality
Out of the graviton set (7.1), one can take either hij , Φijk or π
ijk as indepen-
dent variables in the variational principle. The equations of motion obtained
by varying the action with respect to these variables, which mutually deter-
mine each other up to gauge symmetries, are equivalent. A similar property
also holds true for the variables Tijk, Pijkl and π
ijof the dual graviton set
(7.4).
It is instructive to verify the equivalence explicitly. We start with the
second set. Varying the action with respect to πij yields the equation
h˙mn = 2πmn −
2
3
πδmn + nm,n + nn,m (8.1)
(⇔ Kmn = −πmn +
π
3
δmn). This equation, although gauge invariant itself,
involves the Lagrange multipliers nm, which are not among the phase space
variables. To get a phase space expression and exhibit more explicitly the
gauge invariance of (8.1), one gets rid of the shift by taking the curvature of
h˙mn. No physical information is lost by doing so.
This yields an equation of the form Rijmn[h˙] = · · · where the right-hand
side is obtained by acting with the operator that produces the Riemann
tensor on the right-hand side of (8.1), eliminating thereby the shift. But
this is in fact the equation that one obtains by varying with respect to the
prepotential Pijkl. One can thus say that varying the action with respect to
the prepotential yields the gauge-invariant content of the equation (8.1).
The same is true if one considers the equation of motion following from
extremization with respect to Tijk, which is the Hamiltonian equation π˙
ijk =
· · · , where the lapses mj of the Curtright theory appear differentiated twice
in the right-hand side. It turns out that one can also view the equation
obtained by varying with respect to the superpotential Pijkl as the gauge
invariant content of this equation, obtained by projecting out mj by acting
on it with the appropriate first-order differential operator.
Identical features hold for the equations of motion associated with the set
hij, Φijk or π
ijk, where one finds that varying the action with respect to the
prepotential Φijk extracts again the gauge invariant content of the equations
obtained by varying with respect to hij or π
ijk.
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One can also easily verify that the equations of motion are the twisted self-
duality conditions. Indeed, the Hamiltonian equation obtained by varying
the action with respect to πij (or equivalently, Pijrs) are, as we have just
seen, equivalent to Kin = −πin +
π
3
δin and imply
Ki[n,m] = −πi[n,m] +
1
3
δi[nπ,m]
Multiplying the left-hand side by (1/2)ǫrsmn and summing over (m,n) yields
the magnetic field Brsi[h] as it follows from the Gauss-Codazzi equations
R0ijk = ∂jKik − ∂kKij and the definition of Brsi[h]. Using the relation (7.6),
one sees that the similar operation applied to the right-hand side produces
(minus) the electric field Ersi[T ]. Hence, the equations of motion obtained by
varying with respect to the momentum πij yield the first half of the twisted
self-duality conditions,
Brsi[h] = −Ersi[T ] (8.2)
These equations can alternatively be obtained through one integration from
the variational equations derived by extremizing the action with respect to
the prepotential Pijrs, the shift components appearing then as integrating
functions. Similarly, one gets the second half of the twisted self-duality con-
ditions
Bijrs[T ] = Eijrs[h] (8.3)
by varying with respect to πijk (or equivalently, the prepotential Φijk).
The comparison with the two-potential formulation of p-form gauge fields
is again useful. There also, one really obtains from the variational principle
the “curl” of the twisted self-duality equations. One then integrates these
variational equations and brings in an A0 – which is not really present – to
rewrite the result as twisted self-duality conditions in terms of time-space
components of the curvatures.
8.2 Variational principle with both graviton and its
dual
The dynamical description of the system must involve one variable from
the “graviton set” (7.1) and one variable from the conjugate “dual graviton
set” (7.4). For instance, the Hamiltonian formulation of the Pauli-Fierz
action involves (hij, π
ij), the Hamiltonian formulation of the Curtright theory
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involves (Tijk, π
ijk), while the prepotential formulation involves (Φijk, P
ijmn).
But one can also take (hij ,Tijk), or (π
ij, πijk).
Adopting the system (hij,Tijk) is of interest since these fields are the orig-
inal graviton and dual graviton fields with a more direct interpretation. The
analysis proceeds exactly along the lines of [34]. One expresses the prepo-
tentials in terms of (hij,Tijk) by inverting the formulas giving these fields in
terms of the prepotentials, which one can do when (hij,Tijk) fulfill their re-
spective Hamiltonian constraints. The expressions are given in Appendix D.
One then inserts these expressions inside the action, yielding for the Hamil-
tonian kinetic term
SK [h, T ] =
∫
dt d4x
[
−∂m∂p∂
i∆−1ǫanijT
apj − ǫamij∂
iT ajn
]
h˙mn (8.4)
This term is nonlocal in space, just as in four dimensions [34]. It is, however,
local in time. One verifies straightforwardly that it is invariant under the
gauge symmetries of both hij and Tijk.
The complete action is given by the sum
S[h, T, n,mj ] = SK −
∫
dtd4x
[
H + nC +mjΓ
j
]
(8.5)
where the Hamiltonian constraints C = 0, Γj = 0 for (hij ,Tijk) have been
implemented by re-inserting the Lagrange multipliers n and mj . The Hamil-
tonian densityH is the sum of the potential energy densities of the Pauli-Fierz
field hij and its conjugate Tijk.
The situation is similar to ordinary electromagnetism where one can elim-
inate the vector potential ~A in favor of the magnetic field ~B = ∇× ~A in the
action
∫
dx0d3x
(
~E · ~˙A−H− A0(∇ · ~E)
)
as ~A = −1
∇2
∇× ~B + gradient. The
gradient term can be absorbed in a redefinition of the Lagrange multiplier
A0. One then has an action expressed purely in terms of electric and mag-
netic fields, each subject to Gauss’law. One must thus add ∇ · B = 0, with
its own Lagrange multiplier. The kinetic term is gauge invariant but not
local in space.
9 Conclusions
In this paper, we have shown how to reformulate linearized gravity in 5 space-
time dimensions in a manner that keeps the graviton and its dual on an equal
footing in the variational principle.
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We have found all the features numbered (i)-(iv) in the Introduction ap-
pearing again in the analysis, with “manifest duality invariance” replaced by
“manifest” twisted duality. Once more, one cannot but be amazed to witness
how the involved structure of the original form of the theory reveals an alto-
gether non evident structure, if the duality principle is the torch illuminating
the search.
Although we have treated explicitly only the five-dimensional case, higher
dimensions can be discussed along exactly the same lines. The dual graviton
is described in the canonical formalism by a field Ti1···iD−3j and its conjugate
momentum πi1···iD−3j, both of mixed symmetry (D − 3, 1). The “graviton
set” is now given by
hij , Φi1···ıD−3j , π
i1···iD−3j
where Φi1···ıD−3j is the corresponding prepotential, also of (D − 3, 1) mixed
symmetry. Similarly, the“dual graviton set” is now given by
Ti1···iD−3j, Pi1···ıD−3j1···jd−3, π
ij
where Pi1···ıD−3j1···d−3 is the corresponding prepotential of mixed symmetry
(D − 3, D − 3). These two sets are not only dual to each other, but also
canonically conjugate.
The spatial curvature of the dual field Ti1···iD−3j (or of any tensor with
the same mixed symmetry) is completely captured by its Ricci tensor in
d = D − 1 spatial dimensions. The Weyl tensor indeed vanishes. Similarly,
the curvature of the prepotential Pi1···ıD−3j1···d−3 is completely determined by
its multiple trace Rij [P ] = R
k1···kd−3
ik1···kD−3j
[P ].
We have seen that the demand of locality of the formalism requires the in-
troduction of prepotentials. These prepotentials not only guarantee locality,
but also make the transition from the standard Pauli-Fierz formulation to
the dual Curtright formulation more transparent, since the prepotentials are
at the same time the potentials for one field and for the conjugate momen-
tum to its dual. The need to describe gravity by variables different from the
usual metric variables has arisen recently in various different contexts. One
context which is kinematically rather similar to the present one - although
the dynamics are different - is investigated in [35].
One can eliminate the prepotentials in order to express the action in terms
of the graviton field hij and its dual Tijk. However, the resulting action (8.4)
is not local in space. It is worthwhile noting that this action has furthermore
a structure rather different from the one of the actions proposed to exhibit
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the hidden symmetries. Besides being non local in space, it is of first order
and linear in the time derivatives. This is indispensable in order to avoid
double-counting of the degrees of freedom, since the naive covariant second
order action given by the sum of the Pauli-Fierz action plus the Curtright
action without further constraint, would describe two independent spin 2
fields rather than just one.
Our work can be extended in various directions. First, one can consider
the supersymmetric formulation of the theory (D = 5, N = 1) along the
lines of [12]. Second, as a first step to introducing interactions, it would
be of interest to investigate the D ≥ 5 theory with a cosmological constant
around de Sitter space, generalizing thereby the D = 4 treatment of [10].
Finally, the full interacting theory should be understood in this duality light,
a necessary step to understand the full implications of duality, in particular
at the quantum level where it has been argued to play a significant role for
finiteness [36, 37]. We plan to return to these questions in the future.
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Appendices
A Weyl tensors
A.1 Weyl tensor of the Pauli-Fierz field
The Riemann tensor of the Pauli-Fierz field hµν can be decomposed into
SO(D − 1, 1) irreducible components as (D ≥ 3)
Rαβγδ =Wαβγδ + (Sαγηβδ − Sαδηβγ − Sβγηαδ + Sβδηαγ) ,
where the “Weyl tensor” Wαβγδ fulfills
Wαβγδ = −Wβαγδ, Wαβγδ = −Wαβδγ , Wαβγδ =Wγδαβ ,
Wαβγδ +Wαγδβ +Wαδβγ = 0,
and is traceless,
W αβαδ = 0.
The “Schouten tensor” Sαβ is symmetric and explicitly given by
Sαβ =
1
D − 2
(
Rαβ −
R
2(D − 1)
ηαβ
)
.
It can be rewritten as
Sαβ =
1
D − 2
(
Uαβ +
(D − 2)R
2D(D − 1)
ηαβ
)
.
in terms of its irreducible components Uαβ ≡ Rαβ −
1
D
Rηαβ (Uαβg
αβ = 0)
and R.
The Riemann tensor and the Weyl tensor coincide on-shell. In D dimen-
sions, the Weyl tensor has
(D + 2)(D + 1)D(D − 3)
12
components. These are algebraically unconstrained by the equations of mo-
tion. In five dimensions, the Weyl tensor of the Pauli-Fierz field has therefore
35 independent components.
Under Weyl rescaling,
δChµν = 2ξηµν (A.1)
the Weyl tensor is invariant.
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A.2 Weyl tensor of the Curtright field
In D ≥ 4 dimensions, one may similarly decompose the Riemann tensor
Eαβγρσ of the Curtright field into a traceless (“Weyl”) part plus terms con-
taining the Ricci tensor and the vector curvature. One finds explicitly
Eαβγρσ = Wαβγρσ −
1
D − 3
[
(ηαρSβγσ − ηασSβγρ)
+(ηβρSγασ − ηβσSγαρ) + (ηγρSαβσ − ηγσSαβρ)
]
(A.1)
where the “Schouten tensor” Sαβρ is given by
Sαβρ = Eαβρ +
1
2(D − 2)
(ηαρEβ − ηβρEα),
or equivalently
Sαβρ = Uαβρ −
D − 3
2(D − 1)(D − 2)
(ηαρEβ − ηβρEα),
where Uαβρ is traceless, Uαβρη
βρ = 0. Again, the Riemann and Weyl tensors
coincide on-shell. The Weyl tensor is algebraically non-constrained by the
equations of motion and has
(D + 2)(D + 1)D(D − 1)(D − 4)
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independent components. In five dimensions, the Weyl tensor of the Cur-
tright field has therefore 35 independent components.
Under Weyl rescalings of the Curtright field,
δCTµνρ = ηµρξν − ηνρξµ (A.2)
the Weyl tensor is invariant, while the Schouten tensor transforms as
δCSα1α2β = (D − 3) (∂α1∂βξα2 − ∂α2∂βξα1) (A.3)
(a formula that can be read as δCS = (D− 3)d
2ξ in the terminology of [22]).
One defines the Cotton tensor as
Cα1α2β1β2 = ∂β2Sα1α2β1 − ∂β1Sα1α2β2 . (A.4)
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This tensor is not of irreducible Young symmetry type since it contains both
components of
(2, 2) ≡
and
(3, 1) ≡
Young symmetry types. Explicitly, with
Mα1α2β1β2 = ∂β2Sα1α2β1 − ∂β1Sα1α2β2 + ∂α2Sβ1β2α1 − ∂α1Sβ1β2α2 (A.5)
(of (2, 2)-type) and
Nα1α2β1β2 = ∂β1Sα1α2β2 + ∂α2Sβ1α1β2 + ∂α1Sα2β1β2 (A.6)
(of (3, 1)-type), one has
Cα1α2β1β2 =
1
2
Mα1α2β1β2 −
1
2
(Nα1α2β1β2 −Nα1α2β2β1). (A.7)
There is no component of
(4) ≡
Young symmetry type because
C[α1α2β1β2] = 0. (A.8)
The Cotton tensor is traceless because of the Bianchi identity,
Cα1α2β1β2η
α2β2 = 0 (A.9)
and clearly obeys
Cα1α2[β1β2,β3] = 0. (A.10)
It is also invariant under Weyl rescalings,
δCCα1α2β1β2 = 0 (A.11)
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because δCC ∼ d
3ξ = 0. Finally, when D 6= 4, it can be expressed in terms
of the divergence of the Weyl tensor through the Bianchi identity,
∂µWµαβρσ −
D − 4
D − 3
Cαβρσ = 0 (A.12)
and so does not provide an independent Weyl invariant. However, when
D = 4, the Weyl tensor vanishes and the Cotton tensor Cα1α2β1β2 is an
independent Weyl invariant. This is in complete analogy with the well-known
situation found for the curvature of a (1, 1)- tensor in 3 dimensions, where the
Weyl tensor identically vanishes and the Cotton tensor provides a (complete)
set of independent Weyl invariants.
It is useful to introduce the co-Cotton tensor
Dα1···αD−2β1β2 =
1
2
ǫα1···αD−2γ1γ2C
β1β2γ1γ2 (A.13)
This is a tensor of irreducible (D − 2, 2) Young type because the Cotton
tensor is traceless,
D[α1···αD−2β1]β2 = 0, (A.14)
which has furthermore zero double-trace because of (A.8),
Dα1α2···αD−2β1β2ηα1β1ηα2β2 = 0. (A.15)
Its divergence also vanishes
∂α1D
α1α2···αD−2β1β2 = 0 (A.16)
because of (A.10). Note that this relation implies
∂β1D
α1α2···αD−2β1β2 = 0 (A.17)
A.3 Comments on a (2, 2) field in 4 dimensions
Since this is needed for the understanding of the prepotential for the mo-
menta, we now consider a (2, 2) field Pijrs in four dimensions with gauge
symmetries
δ1Pijrs = χrs[i,j] + χij[r,s] (A.18)
and
δCPijrs =
1
4
[δirδjs − δisδjr]ξ (A.19)
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(Weyl rescalings in a space of Euclidean signature). The curvature Rijkrst
invariant under the gauge transformations (A.18) (which may be written as
δ1P = dχ [22]) is a (3, 3) tensor given by
Rijkrst = 18∂[iPjk][rs,t] (A.20)
(R = d2P ). In 4 dimensions, this tensor is completely determined by its
double-trace Rir ≡ Rijkrstδ
jsδkt as follows,
Rijkrst =
1
2
[(δirδjs − δisδjr)Skt + (δisδjt − δitδjs)Skr + (δitδjr − δirδjt)Sks]
+
1
2
[(δjrδks − δjsδkr)Sit + (δjsδkt − δjtδks)Sir + (δjtδkr − δjrδkt)Sis]
+
1
2
[(δkrδis − δksδir)Sjt + (δksδit − δktδis)Sjr + (δktδir − δkrδit)Sjs] (A.21)
where the coresponding “Schouten tensor” Sij is equal to
Sij = Rij −
2
9
δijR. (A.22)
Under Weyl rescalings (A.19) of Pijrs, the Schouten tensor transforms as
δCSij = ∂i∂jξ. (A.23)
One defines the Cotton tensor Cijk as
Cijk = ∂[iSj]k. (A.24)
This is a (2, 1)-tensor because Sjk is symmetric. The Cotton tensor is in-
variant under Weyl rescalings. It is also traceless as a consequence of the
Bianchi identity Rijk[rst,u] = 0 and fulfills ∂[lCij]k = 0. The tracelessness of
the Cotton tensor is just the contracted Bianchi identity
∂iG
ij = 0 (A.25)
for the Einstein tensor
Gij = Rij −
1
3
δijR (A.26)
of Pijrs.
The co-Cotton tensor is defined as
Drsk =
1
2
ǫrsijC kij (A.27)
It is a (2, 1)-tensor that has the properties
δCD
ijr = 0, Dij j = 0, ∂iD
ijk = 0, ∂kD
ijk = 0. (A.28)
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B Spacetime decomposition of the curvature
of the Curtright field
B.1 Decomposition in space and time of the Einstein
tensor
B.1.1 Formulas
We recall the formulas
R0i0j = ∂0Kij −
1
2
∂i∂jh00
as well as
R0ijk = ∂jKik − ∂kKij ,
(5)Rijkl =
(4)Rijkl
(linearized Gauss-Codazzi equations). This implies
G00 =
1
2
(4)R, R0i = −∂
m(Kim − δimK)
and
(5)Rij = −∂0Kij +
1
2
∂i∂jh00 +
(4)Rij .
B.1.2 Electric and magnetic fields
The 35 independent components of the Weyl tensor of the Pauli-Fierz field
can be decomposed into the 19 independent “electric components” (5)Wijrs
and the 16 independent “magnetic components” W0irs. The components
W0i0r with two time indices are not independent from the electric compo-
nents (5)Wijrs since one has −W0i0r +
(5)Wkisrδ
ks = 0. [General properties
of decompositions of tensors in D spacetime dmensions into “electric” and
“magnetic” components are studied in [33].]
There are only 19 independent components among the 20 components
(5)Wijrs (which form a spatial -tensor) because the
(5)Wijrs fulfill the
double tracelessness condition,
(5)Wijrsδ
jsδir =Wi0r0δ
ir = W0000 = 0 (B.1)
since the Weyl tensor Wαβρσ is traceless.
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Similarly, there are only 16 independent components among the 20 com-
ponents W0irs (which spatially transform in the -representation since
W0[irs] = 0) because these are subject to the 4 tracelessness conditions
W0irsδ
is = 0 (B.2)
as a consequence of the tracelessness of Wαβρσ.
The electric components (5)Wijrs of the Weyl tensor are equal on-shell to
the components Rijrs of the Riemann tensor (
(5)Rijrs =
(4)Rijrs ≡ Rijrs). We
define the electric field Eijrs[h] to be the double spatial dual of the Riemann
tensor,
Eijrs[h] =
1
4
ǫijmnR
mnpqǫpqrs. (B.3)
Explicitly one gets,
Eijrs[h] = Rijrs− δirRjs+ δisRjr+ δjrRis− δjsRir+
1
2
(δirδjs− δisδjr)R (B.4)
where we recall that Rjs is the Ricci tensor of the spatial metric, namely,
Rjs ≡
(4)Rjs, and R ≡
(4)R. The electric field is a spatial tensor of type .
One has Eir[h] = −Rir +
1
2
δirR, and E [h] = R where Eir[h] is the “Ricci
tensor” Eijrs[h]δ
js of the electric field and E its double-trace Eijrs[h]δ
jsδir, so
that one can express Rijrs in terms of Eijrs[h] through a formula that takes of
course exactly the same form (since the operation of taking the double-dual
yields the identity when squared),
Rijrs = Eijrs − δirEjs + δisEjr + δjrEis − δjsEir +
1
2
(δirδjs − δisδjr)E .
Knowledge of the electric field Eijrs[h] is equivalent to the knowledge of the
spatial curvature Rijrs and vice-versa. The linear operator that relates the
two is not only invertible but also idempotent. For the purpose of discussing
the (4 + 1)-form of the twisted self-duality equations (3.1), it turns out that
the electric field is the natural object to consider as it is the electric field
that appears in the formulas.
All 20 components of Eijrs[h] are independent off-shell, but only 19 of
them are independent on-shell. The equations of motion imply indeed that
Eijrs[T ] is doubly traceless, Eijrs[h]δ
jsδir = R = 0. This is in fact just the
G00 = 0 constraint equation.
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In the same way, the magnetic components W0irs of the Weyl tensor are
equal on-shell to the components R0irs of the Riemann tensor. We define the
magnetic field Brsi[h] to be
Brsi[h] =
1
2
R0imn ǫ
mn
rs (B.5)
The magnetic field completely captures all the magnetic components of the
Weyl tensor on-shell. Off-shell, the magnetic field does not fulfill the condi-
tion B[irs][h] = 0 and so does not transform in an irreducible representation.
Since the traces B[irs][h]δ
is identically vanish, it possesses 20 independent off-
shell components. The 4 independent conditions B[irs][h] = 0 arise on-shell
and are equivalent to the constraint equations R0j = 0. They imply that on-
shell, the magnetic field transforms in the irreducible representation
and possesses therefore 16 independent components (given the tracelessness
conditions).
Both the electric and the magnetic fields are transverse,
∂mEmnrs[h] = 0, ∂
mEmn[h] = 0, ∂
mBmnr[h] = 0. (B.6)
B.2 Invariant velocities for the Curtright field
The velocities T˙ijk of the Curtright field transform under gauge transforma-
tions with the time derivatives of the gauge parameters σαβ , ααβ. For that
reason, these ordinary velocities, given on an initial hypersurface x0 = 0
(say), are not invariant under gauge transformations σαβ , ααβ that reduce to
the identity on that hypersurface,
σαβ(x
0 = 0, xk) = 0, ααβ(x
0 = 0, xk) = 0
since one may have σ˙αβ(x
0 = 0, xk) 6= 0 or α˙αβ(x
0 = 0, xk) 6= 0. As pointed
out by Dirac, it is useful to introduce variables that have the desirable prop-
erty of transforming only with the gauge parameters taken at the same time,
i.e., whose gauge variations do not involve the time derivatives of the gauge
parameters [31]. For the Curtright field, these “invariant velocities” Vijk are
given by
Vijk = T˙ijk + ∂iTj0k − ∂jTi0k − ∂kTij0. (B.7)
They transform as
δVijk = ∂k
(
∂j (σ0i − 3α0i)− ∂i (σ0j − 3α0j)
)
(B.8)
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and play a role analogous to that of the extrinsic curvature for the symmetric
tensor . The invariant velocities Vijk are the components of a tensor of
type .
B.3 Explicit formulas
We now decompose the components of the curvature tensor Eαβγµν into space
and time.
B.3.1 The components E0ij0k
We start with the components with two time indices. One finds
E0ij0k = −∂0Vijk − ∂k (∂iT0j0 − ∂jT0i0) , (B.9)
an expression which is easily checked to be gauge invariant.
B.3.2 The components E0ijkm and Eijk0m
Turning to the components E0ijkm, we get
E0ijkm = ∂mVijk − ∂kVijm (B.10)
and
Eijk0m = −3∂[kVij]m = 3E0[ijk]m (B.11)
(the last expression in agreement with E[0ijk]m = 0).
B.3.3 The components (5)Eijkmn
Finally, for the components (5)Eijkmn, we have of course
(5)Eijkmn = Eijkmn. (B.12)
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B.4 Decomposition of the Ricci tensor Eαβµ
Straightforward computations yield for the non-vanishing components of
Eαβµ,
E0i0 = −∂0V
k
ik − ∂
k(∂iT0k0 − ∂kT0i0) (B.13)
E0ij = ∂
kVikj − ∂jV
k
ik (B.14)
Eij0 = −∂iV
k
jk − ∂jV
k
ki − ∂
kVijk (B.15)
(5)Eijk = −∂0Vijk − ∂k(∂iT0j0 − ∂jT0i0) + Eijk (B.16)
B.5 Electric and magnetic fields
The 35 independent components of the Weyl tensor of the Curtright field can
be decomposed into the 16 independent “electric components” (5)Wijkrs and
the 19 independent “magnetic components” W0ijrs. The components W0ij0r
with two time indices are not independent from the electric components since
one has −W0ij0r +
(5)Wkijsrδ
ks = 0. Furthermore, the components with one
time index Wijk0r are not independent from W0ijkr since one has
Wijk0r = 3W0[ijk]r. (B.17)
There are only 16 independent components among the 20 components
(5)Wijkrs (which form a spatial -tensor) because the
(5)Wijkrs fulfill the
double tracelessness condition,
(5)Wijkrsδ
ksδjr =Wij0r0δ
jr = Wi0000 = 0 (B.18)
since the Weyl tensor Wαβγρσ is traceless and of -type.
Similarly, there are only 19 independent components among the 36 com-
ponents W0ijrs (which spatially transform a priori in the ⊗ = ⊕
⊕ ) because these are subject to the 16 tracelessness conditions
W0ijrsδ
js = 0 (B.19)
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(as a consequence of the tracelessness ofWαβγρσ) and the fully antisymmetric
condition
W0[ijrs] = 0 (B.20)
(as a consequence of 3W0[ijrs] = −W[ijkr]0 = 0), which eliminates the -
representation.
The electric components (5)Wijkrs of the Weyl tensor are equal on-shell to
the components Eijkrs of the Riemann tensor (
(5)Eijkrs =
(4)Eijkrs ≡ Eijkrs).
Furthermore, in four dimensions, the Riemann tensor Eijkrs is completely
equivalent to the Ricci tensor Eijk since the Weyl tensor vanishes (
(4)Wijkrs =
0). We define the electric field Eijr[T ] to be
Eijr[T ] = Gijr (B.21)
(Einstein tensor of the space like Tijk). It is a spacelike tensor of type
that is completely equivalent on-shell, as we have just seen, to (5)Wijkrs. Off-
shell, all 20 components of Eijr[T ] are independent. The equations of motion
imply that Eijr[T ] is traceless,
Eijr[T ]δ
jr = 0 (B.22)
since the double-trace of (5)Wijkrs vanishes, yielding 16 independent on-shell
components as it should. These equations are in fact just the G0i0 = 0
constraint equations.
In the same way, the magnetic components W0ijrs of the Weyl tensor are
equal on-shell to the components E0ijrs of the Riemann tensor. We define
the magnetic field Bijrs[T ] to be
Bijrs[T ] =
1
2
E0ijmn ǫ
mn
rs (B.23)
The magnetic field completely captures all the magnetic components of the
Weyl tensor on-shell. Off-shell, the magnetic field does not fulfill the condi-
tion B[ijr]s[T ] = 0 and so does not transform in an irreducible transformation.
Since it has a double-trace that is identically zero, it possesses 35 indepen-
dent off-shell components. The 16 independent conditions B[ijr]s[T ] = 0 arise
on-shell and are equivalent to the constraint equations E0ij = 0. They imply
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that on-shell, the magnetic field transforms in the irreducible representation
and possesses therefore 19 independent components (given the double-
tracelessness condition).
The electric and magnetic fields of Tλµρ are also identically transverse,
∂mEmnr[T ] = 0, ∂
rBmnrs[T ] = 0, ∂
nBmn[T ] = 0, (B.24)
C Solving the Hamiltonian constraint of the
Curtright theory
The Curtright field solves the constraints Γj = 0 if and only if the tensor tijk
in the decomposition (6.15) is a solution of
∂i∂kt
ijk = 0 (C.1)
This equation can be written as ∂iB
ij = 0 with Bij = ∂kt
ijk = −Bji and
implies therefore, by Poincare´ lemma, Bij = ∂kA
ijk, for some completely
antisymmetric tensor Aijk = A[ijk]. Hence, ∂k(t
ijk −Aijk) = 0 so that , using
Poincare´ lemma again, we obtain
tijk = Aijk + ∂lN
[kl][ij] (C.2)
where the antisymmmetry on the indices of N have been emphasized. After
projecting onto the (2,1) symmetry of t, the completely antisymmetric tensor
Aijk drops out and this relation becomes
tijk =
1
3
∂l
[
2N [kl][ij] +N [il][kj] −N [jl][ki]
]
. (C.3)
It is useful to dualize on the first pair of indices and redefine the dualized
field by a scaling factor of -2 introduced for future convenience (N [kl][ij] =
−2ǫklabP
[ij]
[ab] ). This yields
tijk = −
2
3
∂l
[
2ǫklabP
[ij]
[ab] + ǫ
ilabP
[kj]
[ab] − ǫ
jlabP
[ki]
[ab]
]
(C.4)
At this stage, the tensor P[ab][cd] need not transform in an irreducible
representation of the linear group and may contain components with the
(2, 2), (3, 1) and (4) Young symmetries, respectively. One has quite generally
P[ab][cd] = Rabcd + (Qabcd −Qabdc) + Aabcd (C.5)
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where Rabcd = R[ab][cd], R[abc]d = 0 ((2, 2)-component), Qabcd = Q[abc]d, Q[abcd] =
0 ((3, 1)-component) and Aabcd = A[abcd] is totally antisymmetric in all its in-
dices ((4)-component). The R-term and the A-term are symmetric for the
exchange of the pairs (ab) with (cd), while the Q-term is antisymmetric,
Rabcd = Rcdab, Aabcd = Acdab, Qabcd −Qabdc = −(Qcdab −Qcdba).
A useful relation is Qabcd = 3Qd[abc]. One can express the irreducible compo-
nents in terms of P[ab][cd] as follows,
Rabcd =
1
3
(Pabcd + Pcdab)−
1
6
(Pacdb + Pdbac + Padbc + Pbcad) (C.6)
Qabcd =
3
4
(P[abc]d + Pd[abc]) (C.7)
Aabcd = P[abcd] (C.8)
with Pabcd ≡ P[ab][cd].
We shall now check that one can remove the (3, 1) and (4)-components
from tijk through a redefinition of uij and vij (gauge transformation). To
that end, we observe that the tracelessness condition t kik = 0 implies
∂lǫ
klabPabik = ∂lǫ
klabTabik = 0 (C.9)
where we have defined Tabik = −Tbaik = −Tabki = Qabik − Qabki + Aabik (the
R-component drops out because of R[abc]d = 0). This equation implies
T[abk]i = ∂[kBab]i
for some tensor Babi = −Bbai. Using the above formulas, this yields then
Aabik = T[abik] = ∂[iBabk].
Similarly, from (C.7), one gets
Qabcd =
3
8
(
3T[abc]d + T[dbc]a + T[adc]b + T[abd]c
)
and thus
Qabik −Qabki =
3
4
(
T[abi]k + T[kbi]a + T[aki]b − T[abk]i]
)
=
3
4
(
∂[iBab]k + ∂[iBkb]a + ∂[iBak]b − ∂[kBab]i
)
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Inserting these expressions for Aabik and Qabik in terms of ∂[mBcd]n in (C.4)
and (C.5) shows, after some cumbersome but direct computation, that the
irreducible components Aabik and Qabik correspond to gauge transformation
terms and hence can indeed be absorbed in a redefinition of the prepotentials
uik and vik. We leave the details to the reader. In fact, the structure of (C.4)
and the form of the Q-component and the A-component imply, given that
ǫmnla∂l∂a = 0, that the Q and A contributions to tijk can be expressed as
∂iLjk + ∂jMik + ∂kNij , for some tensors Ljk, Mik and Nij . Since tijk has the
Young symmetry (2, 1), these contributions come projected on this symmetry
type, and this is precisely the most general form of a gauge transformation
of the Curtright field.
We can therefore assume that the prepotential Pabcd reduces to Rabcd, i.e.,
transform in the irreducible representation (2, 2),
Pabcd = P[ab][cd], P[abc]d = 0. (C.10)
D Inversion Formulas
We give in this appendix the inversion formulas that express the prepotentials
in terms of the original canonical variables. These relations hold only when
the canonical variables obey the constraint equations. They involve further-
more gauge choices, since the prepotentials are determined by the canonical
variables up to gauge transformations.
From (5.10)-(5.11), one gets
Φmst = −
1
12
[
2ǫstab
∂a
∆
h bm + ǫmtab
∂a
∆
h bs − ǫmsab
∂a
∆
h bt
]
(D.1)
since
∂k
[
ǫnkstφ
st
m + ǫmkstφ
st
n
]
= hmn + ∂m
(
8
∂k
∆
jnk
)
+ ∂n
(
8
∂k
∆
jmk
)
.
Similarly, (6.14) yields
φ[π]abn = −
1
2∆
πabn (D.2)
That this expression is correct can again be checked directly by inserting it
back into (6.14). One gets,
−
1
2∆
∂l∂mǫijlnǫkmabπ
abn = πijk −
δik
∆
[
∂j∂aπ
an
n −∆π
n
jn + ∂a∂nπ
jan
]
+
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+
δjk
∆
[
∂i∂aπ
an
n −∆π
n
in + ∂a∂nπ
ian
]
−
1
∆
∂i∂kπ
n
jn +
1
∆
∂k∂jπ
n
in −
−
1
∆
∂k∂nπ
n
ij −
1
∆
∂n∂jπink +
1
∆
∂n∂iπjnk = πijk + δπijk
where δπijk = −
δik
∆
[
∂j∂aπ
an
n −∆π
n
jn
]
+
δjk
∆
[∂i∂aπ
an
n −∆π
n
in ]−
1
∆
∂i∂kπ
n
jn +
1
∆
∂k∂jπ
n
in , bearing in mind that the constraints must be satisfied. The term
δπijk is a gauge transformation.
In the same manner, one gets from (6.16) the following expressions for
the prepotential Pijkl in terms of Tijk or π
ij.
Pabcd[T ] =
3
16
[
ǫabij
∂i
∆
T jcd + ǫcdij
∂i
∆
T jab
]
−
1
16
[
ǫabij
∂i
∆
T jcd + ǫcdij
∂i
∆
T jab + ǫcaij
∂i
∆
T jbd
+ǫadij
∂i
∆
T jbc + ǫbcij
∂i
∆
T jad + ǫbdij
∂i
∆
T jca
]
(D.3)
A straightforward but tedious computation shows that this expression, when
inserted back in the relation giving Trsk in terms of Pmnrs reproduces indeed
Trsk up to a gauge transformation.
Finally, one has
Pabcd[π] = −
1
4
△−1 [δbdπac − δadπbc − δbcπad + δacπbd − (δacδbd − δadδbc)π]
(D.4)
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